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The relationships between quantum entangled states and braid matrices have been well studied in
recent years. However, most of the results are based on qubits. In this paper, We investigate the appli-
cations of 2-qutrit entanglement in the braiding associated with Z3 parafermion. The 2-qutrit entangled
state |Ψ(θ)〉, generated by acting the localized unitary solution R˘(θ) of YBE on 2-qutrit natural basis,
achieves its maximal `1-norm and maximal von Neumann entropy simultaneously at θ = pi/3. Mean-
while, at θ = pi/3, the solutions of YBE reduces braid matrices, which implies the role of `1-norm and
entropy plays in determining real physical quantities. On the other hand, we give a new realization of 4-
anyon topological basis by qutrit entangled states, then the 9×9 localized braid representation in 4-qutrit
tensor product space (C3)⊗4 are reduced to Jones representation of braiding in the 4-anyon topological
basis. Hence, we conclude that the entangled states are powerful tools in analysing the characteristics of
braiding and R˘-matrix.
PACS numbers: 03.67.Mn, 02.10.Kn, 02.20.Uw
I. INTRODUCTION
Since Kauffman and Lomonaco pointed out the relations
between quantum entanglement and topological entanglement
[1, 2], the 4× 4 braid matrix and Yang-Baxter equation(YBE)
have been widely applied to entanglement and quantum in-
formation from various aspects [3]. For example, the solu-
tion of YBE was used for describing 2-qubit entanglement
[4, 5] and 3-qubit entanglement [6], the entanglement was
connected with Berry phase in Yang-Baxter system [5–8],
quantum optical realization of YBE [9], entanglement in de-
scribing quantum criticality of YBE chain model [10] and so
on. On the contrary, sometimes the entanglement can also
be employed in obtaining braiding out of Yang-Baxter equa-
tion(YBE). One of which is to detect the role of extremum of
`1-norm and von Neumann entropy of qubit entangled state
in determining the 4 × 4 braid matrix from the parametrized
R˘(θ)-matrix which satisfies Yang-Baxter equation [11]. In
previous works, the relations between quantum entanglement
and localized unitary representation of braiding as well as R˘-
matrix have been well discussed. However, most of the results
are limited in the qubit entanglement and 4 × 4 braid matrix.
Recently, based on the new localized D2 ×D2 representation
of braid group associated with ZD parafermion [12–14], the
relations between qudit entanglement and braiding have been
discussed [14]. Due to the potential applications of the ZD
parafermionic type of topological quantum models in quan-
tum computing and quantum information [21], it is valuable
to investigate further the relations between qudit entanglement
and D2 ×D2 braiding as well as YBE.
Now we briefly introduce some results about 4× 4 YBE in
quantum information. Different from the original 6-vertex and
8-vertex 4× 4 localized unitary solutions of YBE originating
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from chain models, in N-qubit tensor product space (C2)⊗N ,
the new type of 4 × 4 localized solution R˘-matrix associated
with quantum information reads (I is 2 × 2 identity matrix)
[3]
R˘i(θ1)R˘i+1(θ2)R˘i(θ3) = R˘i+1(θ3)R˘i(θ2)R˘i(θ1), (1)
R˘i(θ) = I ⊗ I · · · ⊗ R˘(θ)
i,i+1
⊗ · · · I ⊗ I, (2)
R˘(θ) =
 cos θ 0 0 sin θ0 cos θ sin θ 00 − sin θ cos θ 0
− sin θ 0 0 cos θ
 . (3)
Eq. (1) is the so-called Yang-Baxter equation. Under the
solution shown in Eq. (3), the constraint for parameters
in Eq. (1) obeys the Lorentzian type additivity tan θ2 =
tan θ1+tan θ3
1+tan θ1 tan θ3
, whereas the original 6-vertex solutions obey
the Galilean type additivity u2 = u1 + u3. Acting R˘-matrix
on 2-qubit natural basis {|00〉, |01〉, |10〉, |11〉}, where |00〉 =
(1, 0, 0, 0)T , |01〉 = (0, 1, 0, 0)T , |10〉 = (0, 0, 1, 0)T , |11〉 =
(0, 0, 0, 1)T , one obtains four 2-qubit pure states. Without loss
of generality, we choose one state
|ψ(θ)〉 = cos θ|00〉 − sin θ|11〉. (4)
Clearly, the parameter θ in R˘ describes the entangled degree
of |ψ(θ)〉. When θ = pi/4, |ψ(θ)〉 turns to be the maximal en-
tangled state, meanwhile, the R˘-matrix becomes braid matrix
associated with SU(2)2 Chern-Simons theory,
B =
1√
2
 1 0 0 10 1 1 00 −1 1 0
−1 0 0 1
 , (5)
i.e. the braid matrix describes the maximal entangled state. In
comparison with braid B, the advantage of R˘(θ) is that the
θ describes any entangled degree of 2-qubit pure states. On
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the other hand, from the viewpoint of `1-norm, the extremum
of `1-norm of |ψ(θ)〉 exactly corresponds to the maximal en-
tanglement as well as the braid matrix[11]. Hence, `1-norm
endows the real physical meaning for R˘(θ)-matrix: the braid-
ing operation.
In this paper, we mainly focus on the role of `1-norm and
2-qutrit entanglement playing in braiding representation asso-
ciated with Z3 parafermions, which are related to metaplec-
tic anyon models in SO(3)2 = SU(2)4 Chern-Simons(CS)
theory [13, 15]. Firstly, based on the Z3 parafermion repre-
sentation of Yang-Baxter equation, we investigate the appli-
cation of `1-norm and von Neumann entropy of the 2-qutrit
state generated by R˘-matrix, and find that the extreme val-
ues of `1-norm and von Neumann entropy correspond to the
braiding. The result is the generalization of qubit case pro-
posed in Ref. [11]. Secondly, inspired by the qubit represen-
tation of 4-anyon basis for SU(2)2 CS associated with 4 × 4
braid matrix [11], the two 4-anyon topological fusion basis in
SO(3)2 = SU(2)4 CS are represented by 4-qutrit entangled
states. Then the well known 9 × 9 localized unitary repre-
sentation of braiding is reduced to the Jones representation of
braiding for 4-strand topological basis.
The applications of `1-norm in quantum physics have al-
ready been proposed in recent years, such as in quantum pro-
cess tomography [16], Yang-Baxter equation [11] and quanti-
fying coherence [17], et al. In the previous work [11], the au-
thors have shown the motivation of adopting `1-norm in real
physical model associated with SU(2)2 CS. Here we give a
brief introduction about it. Usually in quantum mechanics,
a wave function |Φ〉 can be expanded as |Φ〉 = ∑i αi|φi〉,
where |φi〉 is orthonormal basis. The normalization of |Φ〉
reads
〈Φ|Φ〉 =
∑
i
|αi|2 = 1. (6)
We call
∑
i |αi|2 = ||α||`2 as `2-norm, which indicates the
square integrability or the probability distribution of the wave
function. Meanwhile, `1-norm is defined as
||α||`1 =
∑
i
|αi|. (7)
The minimization of `1-norm plays important roles in infor-
mation theory such as Compressed Sensing theory [18, 19], et
al. Hence, it is worthy of investigating whether the extrem-
ization of `1-norm can be used to determine some important
physical quantities in quantum information or in quantum me-
chanics. In Ref. [11], the extremum of `1-norm has been well
connected to 4× 4 braid matrix, we now extend the results to
9× 9 braid matrix.
The paper is organized as follows. In Sec. II, we re-
view the solutions of Yang-Baxter equation expressed by Z3
parafermion. In Sec. III, the `1-norm and von Neumann en-
tropy of the entangled state |Ψ(θ)〉 generated by R˘-matrix is
discussed. In Sec. IV, the 9 × 9 braid matrix are reduced
to 2 × 2 Jones representation of braiding under the 4-strand
topological basis represented by 4-qutrit entangled states. In
the last section, we make the conclusion and discussion.
II. REVIEW OF THE PARAFERMIONIC
REPRESENTATION OF BRAID OPERATORS AND YBE
The metaplectic anyons have shown their universal topo-
logical quantum computation abilities under the braiding and
measurement [15, 20], hence it is valuable to study the char-
acteristics of the type of anyons. In this section, we review
the Z3 parafermionic representation [12, 13, 21] of braid op-
erators with quantum dimension d =
√
3, which is associated
with metaplectic anyons in SO(3)2 = SU(2)4 topological
quantum field theory. Based on the SU(3) matrix represen-
tation of parafermions in tensor product space (C3)⊗N , the
localized 9 × 9 unitary representation for braid relation (also
known as Yang-Baxter equation without parameter) can be
obtained. Moreover, the rational Yang-Baxterization [22] of
the corresponding braid operators are shown below.
We first introduce theZ3 parafermion. As a natural general-
ization of Clifford algebra for Majorana fermion, the algebraic
relation of Z3 parafermion Ci reads
CiCj = ω
sgn|j−i|CjCi, ω = exp(i
2pi
3
),
(Ci)
2 = C†i , (C
†
i )
2 = Ci,
(Ci)
3 = (C†i )
3 = 1.
(8)
Then the Temperley-Lieb(T-L) elements associated with braid
relation are composed by nearest neighbor parafermions
Ti =
1√
3
(
1 + ω2C†iCi+1 + ω
2CiC
†
i+1
)
, (9)
which satisfies Temperley-Lieb algebra [23] for quantum di-
mension d =
√
3,
T 2i = dTi, d =
√
3,
TiTi±1Ti = Ti,
TiTj = TjTi, |i− j| ≤ 1.
(10)
The braid operator is expressed as
Bi = ω(e
−ipi6 Ti − 1), (11)
and satisfies braid relation [24]
BiBi+1Bi = Bi+1BiBi+1. (12)
By defining the concrete matrix representation of Z3
parafermion in N-qutrit space (C3)⊗N through (I is 3 × 3
identity matrix) [22]
C†2k-1 = Z
⊗(k−1) ⊗Xk ⊗ I⊗(N−k),
C2k-1 = (Z
†)⊗(k−1) ⊗X†k ⊗ I⊗(N−k),
C†2k = Z
⊗(k−1) ⊗ (XZ)k ⊗ I⊗(N−k),
C2k = (Z
†)⊗(k−1) ⊗ (XZ)†k ⊗ I⊗(N−k),
(13)
where
Z =
 1 0 00 ω 0
0 0 ω2
 , X =
 0 1 00 0 1
1 0 0
 ,
2
one can obtain the braid matrix from three nearest
parafermionic sites in 2-qutrit space (C3)⊗2:
B12 = B1 =
 e−ipi3 0 00 eipi3 0
0 0 e−i
pi
3
⊗
 1 0 00 1 0
0 0 1
 ,(14)
B23 = B2 =
iω√
3

ω 0 0 0 0 ω 0 1 0
0 ω 0 ω 0 0 0 0 1
0 0 ω 0 ω 0 1 0 0
0 1 0 ω 0 0 0 0 ω
0 0 1 0 ω 0 ω 0 0
1 0 0 0 0 ω 0 ω 0
0 0 ω 0 1 0 ω 0 0
ω 0 0 0 0 1 0 ω 0
0 ω 0 1 0 0 0 0 ω

, (15)
obeying
B12B23B12 = B23B12B23. (16)
Here we emphasize that the braid relation in Eq.(16) and YBE
is expressed in terms of three nearest parafermions, which
only occupy 2-qutrit space (C3)⊗2 totally. Under the ratio-
nal Yang-Batxerization of braid matrix, the unitary R˘-matrix
satisfying YBE shown in Eq. (1) can be obtained [22]
R˘i(θ) =
2√
3
(cos(θ + pi/6) + sin θBi). (17)
which reduces braid matrix at θ = pi/3 and corresponds to the
maximal von Neumann entropy of qutrit states we shall show
below. Here we note that the YBE in Eq. (1) is independent of
the concrete representation of R˘(θ), but the relation of three
parameters is related to the R˘. Under the solution shown in
Eq. (17), the constraint from YBE leads to the condition for
three parameters [22]
tan θ2 =
tan θ1 + tan θ3
1 + 13 tan θ1 tan θ3
. (18)
Different from the traditional parameter relation u2 = u1 +
u3(Galilean type additivity) in Yang-Baxter equation in the
usual chain models [25–27], the new relation for three pa-
rameters in Eq. (18) obeys Lorentzian type additivity u2 =
u1+u3
1+u1u3
for u1 = tan θ1√3 , u2 =
tan θ2√
3
, u3 =
tan θ3√
3
.
III. `1-NORM AND VON NEUMANN ENTROPY IN
YANG-BAXTER EQUATION
In this section, we shall show that the maximal 2-qutrit
von Neumann entropy is determined by the braid matrix from
parametrized R˘(θ)-matrix, i.e. θ = pi/3 for YBE. The braid
matrix can also be obtained by extremization of R˘-matrix.
We first obtain the reduced 3 × 3 R˘-matrix as well as
braid matrix from the original 9 × 9 ones. Under the 2-
qutrit orthonormal basis {|1〉, |2〉, |3〉}⊗{|1〉, |2〉, |3〉}, where
|1〉 = (1, 0, 0)T , |2〉 = (0, 1, 0)T , |3〉 = (0, 0, 1)T , the R˘-
matrix can be expressed by the ket-bra representation, as
R˘12 =e
−iθ|11〉〈11|+ eiθ|23〉〈23|+ e−iθ|32〉〈32|
+ e−iθ|12〉〈12|+ eiθ|21〉〈21|+ e−iθ|33〉〈33|
+ e−iθ|13〉〈13|+ eiθ|22〉〈22|+ e−iθ|31〉〈31|.
(19)
R˘23 =(cos θ − i
3
sin θ) (|11〉〈11|+ |23〉〈23|+ |32〉〈32|)
+
2i
3
ω2 sin θ (|11〉〈23|+ |23〉〈32|+ |32〉〈11|)
+
2i
3
ω sin θ (|11〉〈32|+ |23〉〈11|+ |32〉〈23|)
+ (cos θ − i
3
sin θ) (|12〉〈12|+ |21〉〈21|+ |33〉〈33|)
+
2i
3
ω2 sin θ (|12〉〈21|+ |21〉〈33|+ |33〉〈12|)
+
2i
3
ω sin θ (|12〉〈33|+ |21〉〈12|+ |33〉〈21|)
+ (cos θ − i
3
sin θ) (|13〉〈13|+ |22〉〈22|+ |31〉〈31|)
+
2i
3
ω2 sin θ (|13〉〈22|+ |22〉〈31|+ |31〉〈13|)
+
2i
3
ω sin θ (|13〉〈31|+ |22〉〈13|+ |31〉〈22|).
(20)
Under the unitary transformation U ,
U =

1 0 0 0 0 0 0 0 0
0 0 0 1 0 0 0 0 0
0 0 0 0 0 0 1 0 0
0 0 0 0 1 0 0 0 0
0 0 0 0 0 0 0 1 0
0 1 0 0 0 0 0 0 0
0 0 0 0 0 0 0 0 1
0 0 1 0 0 0 0 0 0
0 0 0 0 0 1 0 0 0

, (21)
the 9×9 basis {|11〉, |12〉, |13〉, |21〉, |22〉, |23〉, |31〉, |32〉, |33〉}
is reordered to be {|11〉, |23〉, |32〉, |12〉, |21〉, |33〉, |13〉, |22〉, |31〉}.
Then it is not difficult to find that the two R˘’s are reducible
and can be expressed as the direct sum of three 3× 3 matrices
in three 3-D subspaces, {|11〉, |23〉, |32〉}, {|12〉, |21〉, |33〉},
{|13〉, |22〉, |31〉}, respectively. Indeed, the three subspaces
can be categorized by the 2-qutrit “parity operator” defined as
follows. Introducing the 2-qutrit “parity operator” P ,
P 3 = 1, P |ij〉 = ω(i+j)|ij〉, ω = exp(i2pi/3). (22)
It is easy to check that P = ω2 in the subspace
{|11〉, |23〉, |32〉}, P = 1 in the subspace {|12〉, |21〉, |33〉},
P = ω in the subspace {|13〉, |22〉, |31〉}, and R˘-matrix com-
mutes with the parity P ,
[R˘12, P ] = [R˘23, P ] = 0. (23)
That is to say, the R˘ operation(including braid operation) pre-
serves the 2-qutrit parity P of the system. Taking one sub-
3
space {|11〉, |23〉, |32〉} as example, the reduced 3 × 3 R˘-
matrix reads
A12(θ) =
 e−iθ 0 00 eiθ 0
0 0 e−iθ
 , (24)
A23(θ) =
[
cos θ− i3 sin θ 2i3 ω2 sin θ 2i3 ω sin θ
2i
3 ω sin θ cos θ− i3 sin θ 2i3 ω2 sin θ
2i
3 ω
2 sin θ 2i3 ω sin θ cos θ− i3 sin θ
]
.(25)
They satisfy YBE
A12(θ1)A23(θ2)A12(θ3) = A23(θ3)A12(θ2)A23(θ1), (26)
with the same constraint as pointed in Eq.(18)
tan θ2 =
tan θ1 + tan θ3
1 + 13 tan θ1 tan θ3
. (27)
Now we introduce how to screen out the braid relation from
YBE by extremizing `1-norm and von Neumann entropy of
the state generated by R˘-matrix . ActingA23(θ) on basis |11〉,
one obtains the state in the subspace {|11〉, |23〉, |32〉}
|Ψ(θ)〉 = (cos θ− i
3
sin θ)|11〉+2i
3
ω2 sin θ|32〉+2i
3
ω sin θ|23〉.
(28)
Following the definition in Eq. (7), the `1-norm of the state
|Ψ(θ)〉 is expressed as
||Ψ||`1 = | cos θ−
i
3
sin θ|+ |2i
3
ω2 sin θ|+ |2i
3
ω sin θ|. (29)
On the other hand, the von Neumann entropy [28], which
reflects the quantum entangled degree of the two subsystems,
reads
S(ρ) = −tr[ρ ln ρ], (30)
where ρ represents the partial trace of the density matrix of
the system. In our case with the quantum state |Ψ(θ)〉, the
von Neumann entropy is expressed by θ, as
S =− | cos θ − i
3
sin θ|2 ln | cos θ − i
3
sin θ|2
− |2i
3
sin θ|2 ln |2i
3
sin θ|2 − |2i
3
sin θ|2 ln |2i
3
sin θ|2.
(31)
The values of `1-norm and von Neumann entropy S, as func-
tions of parameter θ in R˘-matrix, are shown in Fig. 1. From
Fig. 1 we conclude that the location of the extremum of `1-
norm and von Neumann entropy of |Ψ(θ)〉 coincide each other
exactly. Especially, the two quantities both achieve the max-
imal values at θ = pi3 , meanwhile the R˘(θ) turns to be braid
matrix. The result is also applied to the qubit cases, which
has been discussed in Ref. [11]. Hence we conclude that the
extreme values of the two quantities ||Ψ||`1 and S endow the
real physical meaning for R˘-matrix.
Figure 1: Von Neumann entropy and `1-norm of |Ψ(θ)〉 as a func-
tion of θ that describes the qutrit entanglement. The von Neumann
entropy is labeled by the red dashed line, and the `1-norm is labeled
by blue solid line. Both of them achieve the maximal extremum at
θ = pi
3
, at which value the R˘(θ) reduces braid matrix.
IV. QUTRIT REALIZATION OF 4-ANYON
TOPOLOGICAL BASIS AND REDUCED 2× 2 R˘-MATRIX
In this section, we give an entangled 4-qutrit representation
of 4-anyon topological basis. By acting the localized 9×9 uni-
tary representation of T-L elements on the topological basis,
we obtain the 2 × 2 representation of T-L algebra, which ex-
actly corresponds to the the Jones representation of the braid
groups obtained from diagrammatic topological fusion basis.
To start with, let us briefly review some basic knowledge
about the graphic representation of braiding, Temperley-Lieb
algebra and topological fusion basis[24, 29].
Graphically, the T-L algebra reads
= , = = ,
Ti = , d = (value of loop). (32)
The braid operation in Eq. (11) can be decomposed into
the combination of identity operator and T-L element under
the Skein relation, graphically, as
= −e ipi12
(
α + α−1
)
, d = , (33)
where α = ie
ipi
12 , and quantum dimension d = −α2 − α−2 =√
3. In SO(3)2 = SU(2)4 Chern-Simons(CS) theory, the
dimension of Hilbert space for 4-anyon fusion states is two
[20, 30], with each anyon has topological charge 1. Under the
Jones-Wenzl idempotent [31, 32], the two orthonormal fusion
basis can be expressed as cups
|e1〉 = 1
d
,
|e2〉 = 1√
d2 − 1
(
− 1
d
)
.
(34)
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Acting the T-L elements on the above two basis {|e1〉, |e2〉},
one obtains
T12 = T1 =
[ √
3 0
0 0
]
,
T23 = T2 =
1√
3
[
1
√
2√
2 2
]
,
T34 = T3 =
[ √
3 0
0 0
]
,
(35)
which correspond to the Jones representation of the braid
group [29].
In the previous paper [11], the 4×4 localized unitary repre-
sentation of braid operator with quantum dimension d =
√
2
has been connected with the Jones representation of braid un-
der the qubit realization of 4-anyon fusion basis for SU(2)2
Chern-Simons theory. We now extend the result to 9×9 meta-
plectic anyon system with quantum dimension d =
√
3 asso-
ciated with the SO(3)2 = SU(2)4.
Due to the simple relation between braid operators and T-L
elements as shown in Eq. (11), we consider the T-L elements
directly. The 9 × 9 localized unitary representation of T-L
algebra in (C3)⊗N reads (I is 3× 3 identity matrix) [12, 22]
T ′i = I ⊗ I · · · ⊗ T ′
i,i+1
⊗ · · · I ⊗ I,
T ′ =
1√
3

1 0 0 0 0 ω 0 ω2 0
0 1 0 1 0 0 0 0 1
0 0 1 0 ω2 0 ω 0 0
0 1 0 1 0 0 0 0 1
0 0 ω 0 1 0 ω 0 0
ω2 0 0 0 0 1 0 ω 0
0 0 ω2 0 ω 0 1 0 0
ω 0 0 0 0 ω2 0 1 0
0 1 0 1 0 0 0 0 1

.
(36)
Under the representation of Z3 parafermions shown in Eq.
(13), T ′i can be reexpressed by Eq. (8), as
T ′i ≡
1√
3
(
1 + ω2C†2i−1C2i+2 + ω
2C2i−1C
†
2i+2
)
. (37)
Since the braid matrix and T-L matrix are closely related
to the 2-qutrit maximal entangled states defined by maxi-
mal von Neumann entropy, it is reasonable to express the
T-L elements by 2-qutrit entangled states with maximal en-
tangled states. Considering the 2-qutrit parity symmetry of
the T-L matrix, we introduce three maximal entangled states,
(i, j ∈ {1, 2, 3, 4})
|αij〉 = 1√
3
(|11〉+ ω2|23〉+ ω|32〉)
ij
, (38)
|βij〉 = 1√
3
(|12〉+ |21〉+ |33〉)ij , (39)
|γij〉 = 1√
3
(|13〉+ ω|22〉+ ω2|31〉)
ij
, (40)
where i, j (i 6= j) represent 2 different qutrit sites.
It is interesting that the T-L elements T ′i in Eq. (36) can be
expressed by the three maximal entangled states, as (j=i+1)
T ′i =
√
3 (|αij〉〈αij |+ |βij〉〈βij |+ |γij〉〈γij |) , (j=i+1).
(41)
Moreover, the 4-anyon topological basis in Eq.(34) for d =√
3 can also be represented by 4-qutrit states,
|e1〉 = 1√
3
(|α12〉|γ34〉+ |β12〉|β34〉+ |γ12〉|α34〉) ,
|e2〉 = i√
2
(ω|α23〉|γ41〉+ |β23〉|β41〉+ ω|γ23〉|α41〉)
− 1√
2
|e1〉.
(42)
In the 4-qutrit space (C3)⊗4, there are totally three T-L ele-
ments. Acting T ′i in Eq. (41) on the two basis in Eq. (42), one
obtains
T ′12 = E
′
1 =
[ √
3 0
0 0
]
,
T ′23 = E
′
2 =
1√
3
[
1
√
2√
2 2
]
,
T ′34 = E
′
3 =
[ √
3 0
0 0
]
.
(43)
Substituting Eq.(43) into Eq.(11), we obtain the 2 × 2 braid
matrices
B′12 = B
′
1 =
[
ei
pi
3 0
0 e−i
pi
3
]
,
B′23 = B
′
2 =
1√
3
[
e−i
pi
6 i
√
2
i
√
2 ei
pi
6
]
,
B′34 = B
′
3 =
[
ei
pi
3 0
0 e−i
pi
3
]
.
(44)
In comparison with Eq. (35), we find that the obtained 2×2B′i
are exactly the Jones representation of braid matrix in 4-strand
space. Thus by constructing the parity-preserved qutrit entan-
gled states with maximal von Neumann entropy and express-
ing the T-L elements and topological basis by the entangled
states, we obtain the relationship between localized unitary
representation and Jones representation of braid for 4-strand
system.
V. CONCLUSION AND DISCUSSION
This paper mainly includes two results about Z3
parafermion representation of braiding associated with quan-
tum information. All of the results are related to reducing
higher dimensional representation of braid matrices to the
lower ones. The first is reducing the 9 × 9 braid matrices
in Eq. (14) and Eq. (15) to 3 × 3 by introducing parity P -
preserved subspace, such as {|11〉, |23〉, |32〉} (One can also
choose other two subspaces, which do not change the results).
In the subspace, the braid operators with real physical mean-
ing can be screened out from R˘-matrix with the aid of 2-qutrit
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maximal entangled states, where both `1-norm and von Neu-
mann entropy achieve their maximal values. The second is
reducing the localized 9×9 unitary representation of braiding
relating to T-L elements in Eq. (36) into 2×2 Jones represen-
tation in 4-anyon basis. Under the representation, the behavior
of localized braid matrix coincides well with the Jones repre-
sentation of braiding, which can be obtained by braiding the
fusion basis diagrammatically. In this sense, the qutrit repre-
sentation does reflect the braiding properties. However, how
to propose a well defined topological entanglement entropy
for fusion basis, as proposed in Ref. [30], by means of qutrit
language is still in challenge. Hence, the result can only be
regarded as a qutrit simulation of diagrammatic braiding op-
eration for 4-strand system, where each strand corresponds to
a sector with topological charge 1.
Indeed, both of the above two results rely partly on the
maximal entangled states(defined by von Neumann entropy).
These are due to the parity preservation ( see Eq. (22)) of the
braiding operation on the natural basis |ij〉. Concretely, for 2-
qutrit pure states, the 9×9 Hilbert space can be classified into
three 3× 3 subspaces by eigenvalues of parity P . Taking one
subspace {|11〉, |23〉, |32〉} as example, where P = ω2, the
superposed state |ψ〉 = a1|11〉+ a2|23〉+ a3|32〉 achieves its
maximal von Neumann entropy and `1-norm simultaneously
at equal distribution |a1| = |a2| = |a3| = 1/
√
3. It not only
reflects the role of parity P plays in generating entanglement
in the 2-qutrit Hilbert space, but also guarantees the `1-norm
and von Neumann entropy achieves their maximal values si-
multaneously. Some of the results can also be extended to
ZN>3 parafermion solution of YBE, but for N > 4, the ratio-
nal Yang-Baxterized R˘-matrix is not unitary.
In conclusion, we take Z3 parafermion model as examples
to show the important roles of the parity, `1-norm and von
Neumann entropy for 2-qutrit in determining the braiding be-
havior of Yang-Baxter equation. How to make connections
between N-qudit entanglement and N-strand localized unitary
D2 × D2 representation of braid group is still an open prob-
lem. On the other hand, extending the 4-qutrit realization of
4-anyon topological basis to n-anyon basis is also worthy of
doing.
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